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Fractional differentiation composition
operators from S, spaces to H, spaces

DEEPJYOTI BORGOHAIN0000-0002-3565-8449

ABSTRACT. Let S, be the space of functions analytic on the unit disk
and whose derivatives belong to the Hardy space. In this article, we
investigate the boundedness and compactness of the fractional differen-
tiation composition operators from S, spaces into Hardy spaces. Fur-
thermore, we derive a sufficient condition for the boundedness of the
fractional differentiation composition operators on S, spaces. These
results extends some well-known results in literature.

1. INTRODUCTION

Let D be the open unit disk in the complex plane and H (D) be the set
of all analytic functions on the unit disk. For 1 < p < oo, the Hardy space
H,, is defined as follows:

where

Hy={f e HD):|fly, = lim My(f;r) < oo},

N [ 0 10 IR

sup {|f(re”)|}, if p = oo.
0€[0,27]

For 1 < p < oo, we denote by S}, the space of all analytic functions f on the
unit disc D whose derivative f’ lies in Hj, endowed with the norm

(1) 1flls, = ’f<0)’+Hf/HH,,‘

It is clear that S, is a Banach space with respect to this norm. See |2,/7] for
more information on this space.
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The classical/Gaussian hyper-geometric series is defined by the power
series expansion

- (@)n(b)n
(2) F(a,b;c;z) = ————2", |zl < 1.
nz:;) (©)n(n
Here a, b, c are complex numbers such that ¢ # —m, m = 0,1,2,..., and
(a)y, is Pochhammer’s symbol/shifted factorial defined by Appel’s symbol
I'(a+n)

(a)p=ala+1)---(a+n—-1)= n € N,

I(a)

and (a)p=1 for a # 0. Obviously F(a,b;c;z) € H(D). Many properties of
the hypergeometric series are found in standard textbooks such as [1},16].

For any two analytic functions f and g represented by their power series
expansions,

oo oo
= Zanz"7 g9(z) = anzn € |z| < R,
n=0 n=0

the Hadamard product (or convolution) of f and g denoted by f * g and is
defined by

(3) (f xg)( Z anbpz"
In particular for f,g € H(D), we have

1 2w ) )
(4) (f *9)(pz) = 27T/0 f(pe®)g(ze™)dt, 0<p<1.

If f(z) =>.0° ja,2" € H(D) and B > 0, then the fractional derivative fI°!
(see [9]) of order f is defined by

(5) f (2) = ;F(n—i— 1) anz " .

In terms of convolution, we also have

(6) FP2) =T(1+B) (f(2) * F(1,1 4 B;1;2)).
For 8 = 0, we define

%) = f(2)
and for n € N we have
7 frl(e) = ).

The fractional differentiation composition operator, denoted by Dg}u is de-

fined as follows (]54/6])
(8) D}, f(z) = u(z) [P (p(2), fe€HD),
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where u(z) € H(D) and ¢(z) is nonconstant analytic self-map of D.

This operator can be viewed as a generalization of a multiplication op-
erator and a weighted composition operator. For g = 0, Dg,u equals the
weighted composition operator defined by (uCy)(f)(2) = u(2)f(p(2)), z €
D, which reduces to the composition operator Cy, for u(z) = 1. During the
last century, composition operators were studied between different spaces of
analytic functions. If 5 = 1, we get the operator D}o?u = M,Cy,+ My,C,D,
which for u(z) = 1 gives Dc,lo,l = Cy, + ¢C,D, which for ¢(z) = z gives
Dl, = My + zM,D and u(z) = ¢(2) gives Diw, = M, Cy, + DCly.
For particular choices of 8, u and ¢, we obtain many operators, which are
product, addition and composition of multiplication and differentiation op-
erators. Weighted composition operators find its usefullness in many dif-
ferent ways. For example, they are isometries of many Banach spaces of
analytic functions. Novinger and Oberin proved that the isometries in 5,
for 1 <p < co,p # 2 are given by

TF() = A [f(O) - W (P (€

for f € S, where |A\i| = [X2] =1 and ¢ is a self-analytic map of D.

In 1978, the S, spaces were introduced by Roan in [11], where he studied
the boundedness and compactness of the composition operators C,, (1 <
p < 00). Contreras and Hernadndez-Diaz characterized the boundedness,
compactness of W, from S, into Sy, 1 < p,q < oo in terms of weighted
composition operators on Hardy spaces (See [7]). For some recent results
about different operators on S}, spaces one can see [3,7,/10,12]. Recently, Xie
et al. [17] introduced a similar space B, which consists of all f € H(ID) such
that f’ belongs to the Bergman space. In that paper the authors investigated
the boundedness and compactness of the weighted composition operators in
B, spaces.

The operator Dg,u was introduced by Naik and Borgohain in [5], where
they studied the boundedness and compactness of this operator from mixed-
norm spaces to weighted-type spaces. Recently, the author of this paper
studied the boundedness of the operator D}, from S, spaces to weighted-
type spaces.

In this paper we characterize the boundedness and compactness of the op-
erator Dg,u from S}, to H, spaces. Throughout this paper C is any constant
which may vary for different lines.

2. PRELIMINARY RESULTS

We collect some basic lemmas which are useful in the proof of the main
results.
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Lemma 1 (|13|, Proposition 1.4.10). For ~ > 1 one has

Tdg 1
<C .
o o S

Lemma 2 (8], Proposition 3.1). If f € H, (0 < p < o0), then

£,
m, 7’:’2‘

Lemma 1 is true for f € Hp,. Here we will give a similar result which
involves fractional derivative fl% of f Sp.

f(2)] < 27

Proposition 1. Suppose f € S, for 0 < p < oo.
(a) For1 <p<oo
7)< Clfls,

and for B> 1
n 2Yr0(145)  Iflls,
Ol s T A e

(b) For0<p<1and0<p < oo
L2+ p) s,

(8]
SO T T T ey
Proof. For all p € (0,00], f € S, implies f' € H,. Hence, Lemma gives
flls
9 () < 2t s
( ) ’f (Z)’ — (1 _ ’Z‘)l/p

Now, for any curve a(t) = z(t) + iy(£),0 <t <1 from 0 to z = x + iy, we
have

z 1
f@=£fﬂww54fm®m%%

It is clear that

1 1
(10) wngéﬂmﬂ<mﬁwwnw

(a) The proof for the case f = 0 can be found in the proof of Theorem
2.1 of [7]. For 8 > 1 the definition of fractional derivative gives

[FO2) =0+ B)(f(2) * F(L,1+ 5; 152))|

CTA+B) [T 1
Ty et

Lemma |1 and inequality @ give
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L(1L+8) [ —i 1
|f[ﬁ](z)| (2/ |f(ze t)\md

)
1+ﬂ 2 _itio1/p If s 1
< —" v p P -
= / [/ ]ze ’2 f‘Z’)Updg ‘1_pezt’1+,8dt

1+B / Hstp 1
A

Taking p = 1+£|Z , we have
1 +ﬁ
’f[ﬁ](z” §21/p+ﬁ”fH / ’ ’ £|Z 1/p+/3 §
2!/P0T (1 +B) 17115,
Ip+p5—1 (1—¢lz)l/rtht
_2ra+p) s,

Up+p—1 (1—|[z)l/rHo-1"
(b) Equation gives

s [ 2 Uls, o 20 Il
“Jo (—=t[DVP T T 1 p—1(1 = |z))/P!

Using the definition of fractional derivative, we have for 0 < 8 < oo

21
()] < /0 et F(L 1+ B: 1: pe'®)|dt

2m 1/p
[ 115, L,
o 1/p—1(1— |ze~@|)t/p=1|1 — peit|A+
1/p 27
<2 / 1715, S
STp—1Jo (1= |ze#)ir 11— pet [Pl
Taking p = +| 14 gives
21/p 1f1ls 1
[B} < p
R N (= T
21/p /1],

T 1/p—1(1 - [z)/erAt
Theorem 1. The set of polynomials is dense in S, for 0 < p < oo.

Proof. Suppose f € S,. Then f' € H,. Since polynomials are dense in Hp,
therefore there exists a sequence of polynomials {p, (2)}°2; in H) such that
limy, o0 ||pn — f'[|z, = 0. Define
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Then P,(z) is a polynomial and
Tim [P, = s, = lim_ [[Pu(0) = £(O)| + 1P, — £,
— lim [lpn — f'lls, = 0. 0
n—oo

3. BOUNDEDNESS OF THE OPERATOR Dgu :Sp — Hg

In this section we characterize the boundedness of the operator ngu from
Sy, spaces to H, spaces.

Theorem 2. Let 0 < ¢ < 0o and f € S, for 0 < p < oo, u(z) € H(D)
and p(z) is an analytic self-map of D. Then for 1 < p < oo and f > 1 or
0<p<1andpB >0 the operator Dg,u :Sp — Hy is bounded if and only if

LT e Ve
1 o 9 .
(1) 0oy [%/0 1= (o) 2)lrraED ] < 00

Proof. Suppose holds. Then

1 [2m 1/q
D2l = s [ [ 1D2us 0]
T Jo

0<r<1
1 [2m 1/q
= s | [ )
o<r<1 47T Jo
Proposition [1] gives
2 q 1/q
ID2uslln, < Cliflls, s | [ o] < e,

Hence, D@,u : S, — Hy is bounded. Conversely, suppose DWJ 2 S, — Hy is
bounded and for any w € D define the test function

ful2) = (1 - [w)F (; A1+ B;wz> |

Then

1
fi(z) = (1— rw|>p+ﬁF(;+/a+1,z;z+/3;wz)

1+p
1
S +B8 1 1
_ _ p = . T

= (1= ul T B(l—wz)l/pﬂF(l p,5,2+5,wz>.
Since 2 + 3 — (1— 7) — B = 1+ > 0, therefore F<1 ,B;Q—Fﬁ;wz) is
bounded in . Hence, there is a Constant C such that

— |wl|?
£, < CM
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Therefore,
! 1 o / 0
M) = 3= [ 1l
Lo (= |wP)P
< — C———~-—db.
— 27 Jo |1 — wre?|+p
Lemma [I] gives
1 —Jw]?)P
Mp(fr) < o
p(funr)— (1—|w|r)p oo

Hence f;, € Hp, and therefore f,, € Sp. The fractional derivative of f,, is
f(2) =T+ B) (fu * F(L, 14 5 1;2))
=T(1+8) <(1 — [w?)F < + 8,1; 1+/3,wz> *F(1,1+ﬂ;1;z)>

— (1/p+ B)n (Dn_n - 1+ﬂ "
£t 0 o) (3 e g 32 1 Bl
T'(1+8)(1— |w| (Z l/pJ“B z>

n=0

l—w
(1+B)( _ |)1’/p+5

This gives
5 L% s
Mg(Dcp,uf'waT) = o /0 ‘D%ufw(z)’qde

2m
= [ W)
T Jo

L ()l = wf?)
=0+ By [

Taking w = (z) gives

I |u(2)]
Mg(Dg}ufm r)=T14p8)— o / (1 — |p(2)[2)/pra(B= d@.

Since Dgu : Sp — Hy is bounded, we have

Lo u(2)|? Va
ooy <27r/0 (1— |¢(Z)|2)q/p+q(6—1)d0> < C| flls, < oo O

In the next result, we give a sufficient condition for the operator wa

Sp — 5S4 to be bounded.
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Theorem 3. Let 0 < p,q < co,u(z) € H(D) and ¢ is an analytic self-map
of D. In addition suppose f(z) satisfies the following properties:

L[ O Ha
2 o de
. 03}81 |:27r /0 (1— |<p(z)|2)f1/p+q(571) :| <o
and
L2 Ju(z)¢ (2)] /e
13 = 20 e
- Oiligl [277 /0 (1 — |p(2)|2)a/ptaB ] 0

Then the operator Dgu : Sp — S is bounded.
Proof. Suppose and hold. Then Proposition [1| gives

My((DZ, 1) 1) = ( / " |<Dg,uf>'<z>|qde> :

o 1/q o
( / |u’<z>f[ﬂ1<z>|w) n ( / |u<z>so'<z>f[ﬁ]+l<z>|qd9)
xS Ve
=¢ (/ = |¢<z>|2>q/p+q<ﬂ—1>d9>
7 fu(2)e (1L N
</ (0= o))+ ‘”)
" [u'(2)| e
</ - @(z)mq/mwda)

27 lu(2)¢’ ()| 1/q
" </0 (1 — |p(2)|2)e/ptas d9> ] 1f1ls,-

1/q

IA

_|_

<

Q

Hence,

27 / q 1/q
an (| el
o<r<1 \Jo (1 —|p(2)]?)e/pta(B-1)

27 / 1/q
u(2)¢'(2)]* >
+ dé
2o, () wiem®) |V
< Clfls,
Hence, Dgu : Sp — Sy is bounded. O

I(DZ uf) NI, <C

4. COMPACTNESS OF THE OPERATOR D,

In this section we find conditions for the compactness of the operator Dg,u
from S), spaces to H, spaces. Now we state the following result whose proof
can be obtained by adapting the proof of Lemma 9 of [5].
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Lemma 3. Suppose 5 >0, 0 < p < oo,u(z) € H(D) and ¢ is an analytic

self-map of D. Then the operator Dg}u 2 S, — Hy is compact if and only

if Dgu : Sp — Hy is bounded and for any bounded sequence { fi}ren in Sp

which converges to zero uniformly on compact subsets of D, we have
1D 0 fellaz, = 0,

as k — oo.
Theorem 4. Suppose 5 >0, 0 < p,q < oo,u(z) € H(D) and ¢(z) is an
analytic self-map of D. Then the operator Dgu : Sp — Hy is compact if and
only if Dg,u : Sp — Hy is bounded and

o |u(2)]?
14 li
(14) |¢(;§|na1/0 (1-— |<p(z)|2)Q/p+Q(5—1)

Proof. Suppose, Dgu : Sp — Hg is bounded and holds. This implies
that for every e > 0 there exists p € (0, 1) such that when p < |p(2)] < 1,

/ G| —
0 (1= fp(m)R)r Y

Suppose g(z) = m Obviously, g(z) € Sp. This implies that u(z) € Hy.
Assume that {hj}ren is bounded sequence in S, and converges to zero
uniformly on compact subsets of D as k — oco. For p < |p(2)] < 1,

(19
2

| @m i < s, |

0 0

dg = 0.

o u(2)]*

df < LCe.
A= lp(z)p)pt )

For |p(2)| < p, we have

el L (R A R

T
A _
V(=) = =5
Hence, w = &e™¥ gives us

2
W) = [T i (111522 )

2T w

L(1+8) [ 1
= h —_———d1.
o A k(w) (1 - <p(z))l+/8 1/}

A simple calculation gives us

(1 2 1
e < 20 | |hk<w>\wdw

T 27
< et [ Inwlas,
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where |p(z)| = r. Therefore,

27
Wwwwémww

in compact subsets of ID. Therefore, we have

[/027r u(z)|q|h£€6](¢(z))|qd9] 1/q g [/0%

Minkowski’s inequality gives

[/02” IU(z)|thﬁ](90(z))|qd9} v < /027r [/02” ‘U(z)hk(wﬂqda] 1/q "

27 21 1/‘1
sw%[ﬂwwﬂdwo

on compact subsets of D. It follows that HDg,uthHq — 0 as k — oc.

Mf%wﬁ}w

Therefore, the operator Dgu : Sp — Hy is compact.

Conversely suppose, Dsﬂa,u : S, — Hy is compact. Then it is bounded.
Suppose is not true. Then there is a sequence {zx}ren such that
©(zr) — 1 as z — 0o and 6 > 0 such that

2m
u(2)]®
/0 (1- |(P(Z)|2)Q/p+Q(B—1)d9 >0, keNl.

Let fi, be the test function defined in converse of Theorem [2{and let gi(2) =
fgo(zk)7 ke N.
Clearly

(1 —le(zx)?)

— 1i5°
(1 —(z1)2)>
As k — oo, we have p(zx) — 1. Hence, |gi|, that is gx — 0 as k — oo
uniformly on compact subsets of . Therefore,

kli{glo ||D<p,ugk||Hq =0.

But, from our assumption we have
rop2m B 1/q
D2 usnlln, = sup | [ el oteloan

<r<1l |

:wyﬁwmwwwww
o (1

0<r<t | () p(zk))o/Prab
[ [u(z)| Va
2 su | >8>0,
N 0<rI<)1 /() (1 — |p(21)|2)9/Pra(6-1) ] =

when k& — oo, which is a contradiction.

Hence, must be true. O
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5. CONCLUSION

Fractional derivatives play a significant role in various fields of engineering
and allied sciences. On the other hand, the study of operators involving frac-
tional derivatives leads the use of fractional derivatives in a new direction,
which involves generalizing well-known results in analytic function spaces.
In this paper, we studied the boundedness of the operator Dgyu : Sp — Hy.

A sufficient condition for the boundedness of the operator Dgu :Sp — Sy is
given. The necessary condition is open for evaluation.
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